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Ordinal logistic regression as a tool
to estimate the risk of ranked outcomes

The use of logistic regression models in data analysis and machine learn-
ing has expanded in recent years and has become the preferred choice of
researchers in risk assessment studies across various scientific fields. These
models are widely applied, from identifying the etiological factors of chronic
diseases to assessing the risk of traffic accidents or evaluating credit risk in
financial processes. All logistic regression models are natural extensions of
the simple binary model, and their interpretation is based on it. Using data
from a cross-sectional study on drowsiness while driving and its association
with traffic accident risk, this study presents a detailed examination of the
two main extensions of logistic regression techniques: multinomial and
ordinal logistic regression. Special emphasis is placed on ordinal regression,
as the outcome variable in the collision data is measured on an ordinal scale,
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reflecting an underlying continuous latent variable.

1.INTRODUCTION

In empirical research, it is often necessary to estimate
the risk associated with ranked outcomes defined by an
ordinal variable. While the binary logistic regression model
is suitable for a binomial event, it is inadequate for estimat-
ing a multinomial outcome with an internal ordering.”™
Typically, the analysis of such data —i.e., a response variable
with multiple outcomes and a set of predictor variables—
is performed using the multinomial logistic regression
model. The latter extends the simple logistic model, with
its functional definition expanding upon the properties of
binary logistic regression.*”
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When the response variable in a model is binary, the
logistic regression equation (logit) that applies to the odds
of success is:

In (ﬂ;&) = by + bixq + boxo + ..+ b
“Fevent

where Xx;, x5,...,Xxare the values of the predictor variables
X1, Xopees Xice

When the response variable is categorical with m >2
categories, m-1 non-redundant logits can be defined. One
of the dependent variable’s categories is designated as the
reference category (baseline category=j), and based on this,
m-1 different logits are estimated using the general form:
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pcaregaryi
In|—————| = b+ buxi + bixxz + ...+ buxk

pcateguryj
or equivalent

M = @b+ bixi + bixa + ...+ buxi)

p category j

For each of these logits, a set of coefficients is derived
for the k predictor variables in the multinomial model. Each
coefficient estimates the odds of occurrence of category i
relative to the reference category .

For example, if the response variable in a model has
three levels, two sets of non-zero coefficients are gener-
ated, each comparing two levels of the variable against
the reference category. For the reference category, the
coefficients in the corresponding logit are all zero. By
changing the reference category, all possible logits of a
multinomial logistic model can be estimated. Multinomial
logistic regression is nearly equivalent to running a series
of binary logistic regressions on the data. However, the key
difference is that the equations are fitted simultaneously
rather than separately,®imposing an additional constraint;
namely, that the predicted probabilities of all possible
outcomes must sumto 1.

The multinomial logistic regression model can be modi-
fied and simplified when the outcome is ordinal. In such
cases, incorporating the ordering of the response variable
into the analysis can enhance interpretability and increase
the statistical power of the model. Ordinal logistic regres-
sion is a specialized type of multinomial regression and is
particularly useful when the response variable is ordinal.%3-'2

Starting again from the simple logistic model, where
the occurrence of a binary event is the response variable:

In (Ip;&) = by + bix7 + boxs + ..+ bixk
“Fevent

We modify it to accommodate cases where the event of
interest is not a single discrete outcome (e.g., yes/no), but
a set of possible outcomes coded according to an ordinal
variable. For example, in vehicle accident data, the response
variable might represent the number of crashes coded as
follows: 0=no crash, 1T=up to two crashes, 2=three or more
crashes. For each possible value of the crashes variable Y,
we define the following odds:

6, = Py=0) )
Py>0)

6, = Pysn 2)
Py>1n

For the last category of the crashes variable, the odds
(for y<2) is equal to unity.
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The prior odds (1) and (2) can be restated as:

Pysp
6=—

Py>p
or equivalently,

_ Py
)= — 2
1-pys)

In the general case, where the dependent variable is
ordered with m>2 categories, m-1 non-redundant logits
can be estimated linearly. In the simple case of a univariate
model with a single independent variable X, the logistic
equation is slightly modified as:

In(6;) = a;- bX, j=1,2...m-1

This model has a negative slope to align its interpre-
tation with that of linear models.” In linear models, the
response variable covaries positively with the predictors.
In ordinal regression, positive coefficients indicate that an
increase in a predictor variable corresponds to increased
odds of the event defined by Y< . If the model had a positive
slope, it would suggest that increasing X is associated with
decreasing Y. To maintain interpretability consistent with
other linear models, a negative sign is used. Alternatively,
the ordinal model could be expressed with a positive slope:

P>
in[—Z—|=aq+bXj=12...m1
1-Py=p

Here, the positive slope refers to the odds of y>j. Some
statistical software packages use this formulation, where
the exponential transformation of b corresponds to the
odds of y>j. In such cases, we can compute its reciprocal
to obtain the probability of y<j.’>

The logits of the ordinal model are estimated by m-1
linear equations, differing only in their constant term q;
while the coefficients of the independent variables remain
the same across all logits. This means that the effect of each
independent variable is assumed to be consistent across all
levels of the response variable, a crucial assumption that
must be tested when using ordinal regression. Due to this
property, the ordinal regression model is also known as the
proportional odds model (POM).The constant term of each
logit, known as the threshold, is typically not of particular
interest when interpreting results. Its role is analogous to
the intercept in linear regression.

The ordinal regression coefficients are estimated using
the maximum likelihood method, as in other logistic mod-
els.The method estimates regression coefficients and tests
them using Wald’s statistic. Additionally, the coefficients
and overall model fit can be evaluated via the likelihood
ratio test. To interpret the coefficients in terms of odds, they
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must be exponentiated. Some software, such as Statistical
Package for Social Sciences (SPSS), provides regression coef-
ficients without this transformation, requiring the user to
compute e and the corresponding confidence intervals.

According to the model definition, each coefficient e®
represents the change in cumulative odds for Y<j for each
unit increase in X. For categorical independent variables,
e  defines the cumulative odds ratio (CumOR) for each
category relative to the reference category.

2. ORDINAL LOGISTIC REGRESSION VERSUS
MULTINOMIAL

2.1. Car crashes data

The ordinal logistic model has greater power than the
multinomial model by providing a single estimation of the
odds for an ordinal variable without requiring multiple
comparisons of individual logits.*™*~'® We will compare it
with multinomial logistic regression using field data on
the effects of sleepiness, fatigue, and sleep disorders on
car crashes.”

The study involved 1,366 drivers who were surveyed
aboutincidents of falling asleep and experiencing fatigue
while driving during the year of the field survey. They
were also asked about potential sleep disturbances and
the frequency of daytime sleepiness, as measured by the
Epworth Sleepiness Scale.?’ Participants were given a self-
administered questionnaire and asked to provide informed
consent before participating.

The questionnaire included socio-demographic vari-
ables, such as gender, age, and educational level, as well
as driving-related characteristics (e.g., years of driving
license possession, total distance driven since obtaining
a license). The number of crashes each participant had
caused since obtaining their license was recorded through
an open-ended question.

The variables for falling asleep and fatigue were defined
as follows: (a) Falling asleep while driving in the past 12
months: Participants reported their involvement in three
different scenarios; near misses, fall-asleep incidents, and
veering off the road due to sleepiness. A six-point scale
(O=never to 5=very often) measured these incidents. (b) Fa-
tigue while driving in the past 12 months: This was assessed
based on the frequency of nine risky driving behaviors,
such as failing to remember the last few kilometers, having
incoherent thoughts while driving, struggling to keep their
head up, and missing road signs. A six-point scale (O=never,
1=1-2 times, 2=3-4 times, 3=5-6 times, 4=7-8 times and
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5=9+ times) was used. (c) Daytime sleepiness in the past 12
months: Evaluated using the eight-item Epworth Sleepiness
Scale. Participants rated their likelihood of dozing or falling
asleep in various situations (e.g., while reading, watching
television, sitting in a public place). A scale from 0 (never)
to 5 (9+ times) was used, with total scores ranging from 0
to 40. Higher scores indicated a greater tendency toward
daytime sleepiness. (d) Sleep disorder symptoms in the past
month: Seven sleep-related issues were assessed, such as
difficulty falling asleep, waking up during the night or early
morning, and feeling tired upon waking. A four-point scale
(O=never, 1T=one time per week, 2=2-3 times per week, and
3=4+ times per week) measured these symptoms.

The fatigue scale values (from O=never to 5=9+ times)
were summed to create a cumulative score ranging from 0
to 45, reflecting the overall frequency of fatigue incidents.
The same summation was applied to the Epworth Sleepi-
ness Scale (c), producing a total score from 0 to 40. The
seven sleep disorder items were also summed, yielding a
cumulative variable ranging from 0 to 21.

Due to the highly skewed distribution of fall-asleep
incidents while driving (with very few values different from
0), this variable was recoded into a binary format: O=no
incident and 1=at least one incident in the past 12 months.

2.2. Comparison of ordinal and multinomial
logistic models

Data analysis was initially conducted using an ordinal
logistic regression model, with the number of crashes as
the response variable. Predictor variables included drivers’
sex, years of license possession, age, alcohol consumption
(glasses per week), number of fall-asleep incidents (binary:
yes/no), and the three cumulative scales for fatigue, daytime

sleepiness, and sleep disorders.

Given the highly skewed distribution of crash counts
(90% of values fell within the 0—3 range), the variable was
categorized into an ordinal scale: 0=no crashes, 1=up to two
crashes, 2=three or more crashes. To compare the ordinal
model with a multinomial logistic regression model, we
reanalyzed the data using the same predictor variables. All
statistical analyses were performed using SPSS, version 28.0.

At first, sleep-related variables were examined graphi-
cally to visualize their effects on the number of crashes
through cumulative frequency plots. For instance, figure 1
presents the cumulative plot for the variable “falling asleep
while driving” The plot indicates that at lower crash rates,
the cumulative frequency of drivers with no sleep incidents
is consistently higher than that of drivers who had at least
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Figure 1. Plot of fall-asleep variable.

one incident. This difference decreases gradually until the
two lines converge at 100% of observations. Because driv-
ers who reported falling asleep while driving tended to
have lower frequencies in the lower crash categories and
higher frequencies in the upper crash categories, we expect
the regression coefficient for this variable to be positive.
Similar patterns emerged for the fatigue, sleep disorder,
and daytime sleepiness variables, which were recoded as
binary variables (above or below the median) for graphi-
cal representation. Figures 2 and 3 depict the cumulative
frequency plots for fatigue and sleep disorders, respectively.

Cumulative frequency plots are an essential preliminary
step in the analysis, particularly for the primary variables of
interest. They serve as an introductory criterion for employ-
ing ordinal logistic regression by providing a descriptive
validation of the proportional odds assumption. Ideally, the
plots should resemble those in figures 1, 2, and 3, without
any intersection of the two lines except at their final con-
vergence at 100% of observations. Beyond this descriptive
approach, it is necessary to formally test the proportional
odds assumption using the parallel lines test.?’

Table 1 evaluates the ordinal logistic model using the
likelihood ratio statistic. The response variable of the model
is the number of crashes, while the predictor variables
include drivers’ sex, years of license possession, drivers’
age, alcohol consumption in glasses per week, sleepiness
while driving, fatigue while driving, frequency of daytime
sleepiness, and sleep disorders. Based on the likelihood
ratio test, the null hypothesis that all model coefficients
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Figure 2. Plot of fatigue variable.
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Figure 3. Plot of sleep disorders.

are equal to zero is rejected (p<0.001). Table 1 also evalu-
ates the multinomial logistic model, and the same null
hypothesis is rejected in this case as well.

Table 2 assesses the proportional odds assumption
through the test of parallel lines. The null hypothesis, which
states that the slopes (location parameters) are equal across
all logits, is not rejected (p=0.363). Since this assumption
holds, the ordinal logistic regression model is deemed ap-
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Table 1. Ordinal and multinomial model fitting with the number of
crashes as response variable.

C. GNARDELLIS et al

Table 3. Cumulative odds ratios derived from the ordinal logistic regression
with the number of crashes as response variable.

Model fitting information

Ordinal logistic model

Model -2LL Chi-square df p value B CumOR 95%Cl pvalue
Ordinal Threshold
Intercept only 2,615.6 Crashes: 0 0219 124 074-2.09 0409
Final model 55085 107.9 8 <0.001 Crashes: 1-2 2608 1357 7.88-2336 <0.001
Multinomial Location
Intercept only 2,615.6 Age -0.006 099 097-1.01 0.49
) 1151 16 <0.001
Final model 2,500.6 Sex (men versus women) -0.006 099 0.79-1.25 0.958
Years of license 0.035 1.04 0.97 - 1.61 0.004
Alcohol consumption 0.011 1.01 0.99-1.03 0.141
lasses/week
Table 2. Parallel lines test for the ordinal model. 9
Fatigue Scale 0.065 1.07 1.04-1.09 <0.001
Test of parallel lines .
Day sleepiness -0.038 0.96 0.94-0.98 <0.001
-2LL Chi-square df p value
Sleep disorders 0.021 1.02 099-1.05 0.138
Null hypothesis  2,508.5 8.8 8 0.363 Fall-asleep incidents 0548 173  1.32-228 <0.001
General 2,499.8 (yes versus no)

propriate for the data. If the assumption had been violated,
a multinomial logistic regression or an alternative ordinal
model would be considered.

Table 3 presents the coefficients for the ordinal logistic
model, where the logits differ only in threshold values. The
estimated regression coefficients (location parameters)
remain the same across thresholds, as indicated by the
parallel lines assumption. The model’s parameters suggest
that sleep-related variables significantly affect crash likeli-
hood. Specifically, fatigue and falling asleep while driving
are associated with a higher probability of crashes, whereas
short daytime naps appear to have a protective effect.

From the exponential transformation of the model
parameters, drivers who reported incidents of sleepiness
had, on average, a 73% higher likelihood of experiencing
more crashes compared to those without such incidents
(CumOR=1.73, 95% confidence interval [Cl]: 1.32-2.28,
p<0.001). Additionally, each unit increase in the Cumula-
tive Fatigue Scale was associated with a 7% increase in the
odds of more crashes (CumOR=1.07, 95% Cl: 1.04-1.09,
p<0.001). Conversely, each unit increase in the Daytime
Sleepiness Scale corresponded to a 4% (1-0.96) reduc-
tion in the odds of more crashes (CumOR=0.96, 95% Cl:
0.94-0.98, p<0.001).

The odds ratios obtained from the ordinal model align
with those from a multinomial logistic model. However,
ordinal regression provides estimates across all logits under

95% Cl: 95% confidence interval

the proportional odds assumption. To compare the two
approaches, we reanalyzed the data using a multinomial
logistic model.

Table 4 presents the parameters of the multinomial
logistic model. The first section of the table refers to the
odds of experiencing at most two crashes (1-2 crashes)
versus none. The results indicate that increased years of
driving, fatigue, and sleep-related variables significantly
contribute to crash risk. Each unit increase in the Fatigue
Scale was associated with a 5% increase in collision odds
(OR=1.05,95% Cl: 1.02—1.09, p<0.001). Furthermore, driv-
ers who experienced at least one fall-asleep incident in
the past year had a 77% higher crash risk (OR=1.77, 95%
Cl: 1.29-2.45,p<0.001). An increase in sleep disorders also
increased the likelihood of collisions by 4% (OR=1.04, 95%
Cl: 1.01-1.07, p=0.019), whereas frequent short naps were
associated with a 5% reduction in crash odds (OR=0.95,
95% Cl: 0.93-0.98, p<0.001).

The second section of table 4 presents odds ratios for
a higher number of crashes (=3 crashes) versus none.The
main risk factors remain fatigue and sleep incidents. A
one-unit increase in the Fatigue Scale was associated with
an 11% increase in the odds of collisions (OR=1.11,95% Cl:
1.06—1.15, p<0.001). Additionally, drivers who experienced
atleast one fall-asleep episode in the past year had double
the crash risk compared to those without such incidents
(OR=2.08, 95% Cl: 1.33—-3.26, p<0.001). In contrast, sleep
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Table 4. Odds ratios (OR) derived from the multinomial logistic regression with the number of crashes as response variable (0 crashes=reference

category).
Multinomial logistic model

Number of crashes B OR 95% Cl p value
1-2 crashes
Age -0.011 0.99 0.97 -1.01 0.305
Sex (men versus women) -0.002 0.99 0.77 -1.29 0.988
Years of license 0.030 1.03 1.00 - 1.06 0.025
Alcohol consumption glasses/week 0.011 1.01 0.99-1.03 0.241
Fatigue Scale 0.052 1.05 1.02-1.09 <0.001
Day sleepiness -0.048 0.95 0.93-0.98 <0.001
Sleep disorders 0.038 1.04 1.01-1.07 0.019
Fall-asleep incidents (yes versus no) 0.573 1.77 1.29-245 <0.001
3+ crashes
Age -0.006 0.99 0.96 - 1.03 0.729
Sex (men versus women) -0.031 0.97 0.64 - 1.47 0.882
Years of license 0.051 1.05 1.01-1.10 0.014
Alcohol consumption glasses/week 0.021 1.02 0.99-1.05 0.081
Fatigue Scale 0.100 1.11 1.06 - 1.15 <0.001
Day sleepiness -0.036 0.97 0.93-0.99 0.035
Sleep disorders 0.009 1.01 0.96 - 1.06 0.712
Fall-asleep incidents (yes versus no) 0.733 2.08 1.33-3.26 <0.001

95% Cl: 95% confidence interval

disorders did not significantly impact the risk of multiple
crashes, whereas short naps exhibited a protective effect
(OR=0.97, 95% Cl: 0.93-0.99, p=0.035).

3. DISCUSSION

Ordinal logistic regression, assuming the proportional
odds assumption holds, estimates the cumulative odds for
ordinal outcomes without assessing individual logits. In
the example presented, the odds for the variable of colli-
sions were estimated with a single value for each predictor
variable in the ordinal model. Numerically, each regression
coefficient represents the average change in log-odds for
increasing levels of collisions. This applies to each unit in-
crease in a predictor variable, assuming all other variables
are held constant.

Furthermore, compared to the multiple logits estimated
by multinomial regression, the coefficients of the ordinal
model summarize changes in collision risk in a manner that
is both concise and consistent. For example, the average
change across all levels of crashes for a one-pointincrease
in the Fatigue Scale is approximately 7% according to the

ordinal model. This is comparable to the average change
in the odds of the two logits estimated by multinomial
regression: 5% for the logit comparing 1-2 crashes ver-
sus none and 11% for the logit comparing three or more
crashes. The same pattern applies to the coefficients of
other predictor variables in both models, except for the
variable of sleep disorders. In the multinomial model, sig-
nificant differences were found for sleep disorders in the
logit comparing 1-2 crashes (p=0.019), but not in the logit
for three or more crashes (p=0.712). In contrast, the ordinal
model, which summarizes the average change across all
levels of the collision variable, did not detect significant
differences (p=0.138).

In our example, ordinal and multinomial regression
yielded similar results, including comparable predicted
probabilities for the number of collisions. Both models are
reasonable choices when dealing with an ordinal dependent
variable. The advantage of using ordinal regression over
multinomial regression is that it increases the power of the
analysis by incorporating the ordering of the dependent
variable into the model. In this way, a single slope/odds
ratio is estimated for all categories of the ordinal variable
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instead of multiple logits for smaller subsets of the data.
However, a limitation of ordinal logistic regression is that
it estimates an average effect of the predictor variables
across all outcome levels, meaning that if the effects vary
across levels, the model will fail to capture this variation.
The validity of this approach depends on satisfying the
proportional odds assumption; otherwise, the use of the
ordinal model may lead to incorrect results.

When the proportional odds assumption does not
hold, multinomial logistic regression serves as an alterna-
tive. However, it requires estimating a larger number of
parameters than the ordinal model, which increases the
number of degrees of freedom needed for model fitting
and can place excessive demands on the dataset. Ad-
ditionally, interpreting multinomial regression results is
more complex and less concise than interpreting ordinal
regression results.”’”

Another limitation of multinomial regression is that it
does not account for the ordinal nature of the response
variable. As aresult, its statistical power in detecting associa-
tions with explanatory variables is suboptimal, particularly
when those associations follow a linear trend (either positive
or negative).” In extreme cases, an explanatory variable may
be linearly associated with the ordinal outcome, with small
but consistent changes in odds across outcome levels. In
such cases, individual logits in the multinomial model may
fail to detect significant differences, whereas cumulative
odds in the ordinal model may show significance. Unlike
multinomial regression, ordinal regression is specifically
designed for response variables with an ordinal structure,
as it works with cumulative distributions and estimates
parameters that represent the overall trend across ordinal
values.

In cases where the response variable is ordinal, but
the proportional odds assumption does not hold for all
predictor variables, either multinomial regression or the
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partial proportional odds model (PPOM) can be used.??-%
The PPOM allows some predictor variables to satisfy the
proportional odds assumption while introducing special
parameters for those that do not, which vary across dif-
ferent outcome categories. For example, if explanatory
variables X; and X; satisfy the proportional odds assump-
tion, their coefficients (b; and b)) remain the same across
all levels of the response variable. In contrast, if variable
X.does not satisfy the proportional odds assumption, its
coefficient (b,) can differ across levels (j) of the response
variable.?*?” The interpretation of PPOM coefficients is
similar to that of multinomial and proportional odds
regression coefficients.

The PPOM is a generalized form of ordinal regression and
can beimplemented in SAS using the LOGISTIC procedure?
and in Stata using the GOLOGIT2?’ module. However, SPSS
does not currently support this model.

4. CONCLUSION

The extensive use of logistic models in data analysis
requires their application to be carefully justified based
on the measurement level of the response variable and
the assumptions that must hold. Binary logistic regression
serves as the foundation for these models but is inadequate
for response variables with multiple categories, especially
when those categories are ordered. In such cases, as il-
lustrated by the example of car crashes, ordinal logistic
regression is recommended, provided the proportional
odds assumption holds. Otherwise, multinomial regression
or the PPOM should be considered.

The PPOM extends the POM to handle predictor vari-
ables that violate the proportional odds assumption. In
these models, variables that meet the assumption are treat-
ed within the framework of ordinal regression, while those
that do not are analyzed using a multinomial approach.
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H xprion twv umoSetyATwy AoyaplOUIKAG TTAAVEpSOUNoNG 0TNV avAAuon SeS60uéVwy Kal OTN UNXAVIKA HABnon €xel

S1EVPLVOEL CNUAVTIKA TA TEAEVTAIA £TN, ATTOTEAWVTAG TNV KUPLA TIPOTIUNON TWV EPEVVNTWY YIA TNV EKTIUNON TOU KIV-
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HeTABANTA €KBaonG Twv SES0UEVWY TWV TPOXAIWV ATUXNMATWY TNG LEAETNG EKPPAleTAl WG SlaTETAYUEVO HEYEDOG,

opifovtag pla AavBdvouoa cuvexr KAipaka.
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